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Main problem and objective

We consider the approximation of a family of parameter-dependent functions
M= {u(6): € €5}

with 2 C RP a compact set, and u(€) € V some high-dimensional Hilbert space.
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Main problem and objective

We consider the approximation of a family of parameter-dependent functions
M= {u(6): € €5}
with 2 C RP a compact set, and u(€) € V some high-dimensional Hilbert space.

X (&) known a priori or only given through parameter-dependent equation
X u(€) costly to evaluate for many instances of &

v/ Model Order Reduction (MOR) provides a surrogate

un (&) = u(f)
in low-dimensional subspace V,, C V' and cheap to evaluate for each &.

~~» Empirical interpolation method (EIM), proper orthogonal decomposition (POD),
reduced basis method (RBM), proper generalized decomposition (PGD) ... (Nouy,2017)

~~» Reduced basis method (RBM) (offline/online) :
® How to construct V,, to well approximate M ?

® How to compute w, once Vj, is provided?

RBM using pointwise (noisy) evaluations of w(€) and in probabilistic setting.
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1. Reduced basis greedy algorithm
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Benchmark problem

A benchmark for optimal linear approximation is given by the Kolmogorov n-width

dn(M)y = @ inf Sél/I\)/l lu — Py, ullv,
u

im Vi, =n

where Py, is the orthogonal projection onto V, and ||-||y is a suitable norm on V.
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where Py, is the orthogonal projection onto V, and ||-||y is a suitable norm on V.
X An optimal space V;, is out of reach, instead greedy construction is used.

v/ Sequence of nested spaces {Vn},>o obtained from snapshots of u(&) computed
for suitably selected parameter values in Z=.

M. Billaud-Friess - ECN, NU, LMJL - Séminaire IRMA Reduced basis greedy algorithm 4/29



Benchmark problem

A benchmark for optimal linear approximation is given by the Kolmogorov n-width

dn(M)y = @ inf Sél/I\)/l lu — Py, ullv,
u

im Vi, =n

where Py, is the orthogonal projection onto V, and ||-||y is a suitable norm on V.
X An optimal space V;, is out of reach, instead greedy construction is used.

v/ Sequence of nested spaces {Vn},>o obtained from snapshots of u(&) computed
for suitably selected parameter values in Z=.

Algorithm 1 : Ideal greedy algorithm

Starting from Vo = {0}. Given {{1,...,&€n—1} C E and the corresponding subspace

a new parameter value &, is selected as
lu(én) — un—1(&n)llv = sup|lw(§) — un—1(§)llv- M
£€EE

This ideal algorithm is still unfeasible :

1) the error [[u(§) —up—1(§)||v for all £ € E is not always accessible,

2) maximizing this error over = is a non trivial optimization problem.
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Practical greedy algorithm within RBM

0ffline : greedy construction of V.

Algorithm 1 : Deterministic greedy algorithm

Let £ C = be a discrete training set and Vp = {0}. For n > 1 proceed as follows.

1) Select
&n € arg Iglax Aun—1(£),8)-
(<o)

2) Compute u(&) and update Vi, = span{u(&1),...,u(&n)}-

Aup(€),€) is a a suitable error estimate computable from wn, ().
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Practical greedy algorithm within RBM

0ffline : greedy construction of V.

Algorithm 1 : Deterministic greedy algorithm

Let £ C = be a discrete training set and Vp = {0}. For n > 1 proceed as follows.
1) Select
&n € argmax A(un—1(£), €).
g€
2) Compute u(&n) and update Vi, = span{u(&1),...,u(én)}-
Aup(€),€) is a a suitable error estimate computable from wn, ().

Online : computation of wuy(§).

During the online stage, u,(§) is computed as some projection in Vj, with low
complexity (depending only on n).
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Does it worth it ?

1) If un(§) is a quasi-optimal projection of u(§) onto Vi, i.e.
lu(€) — un(Ollv < Cllu(§) — Py, u(§)llv @)
for some constant C independent from V,, and &.
If A(un(€),€) is certified i.e. there are two constants 0 <m < M s.t.
m|[u(€) — un(§)llv < Alun(§),£) < Mllu(€) —un()llv- (3
Assuming (2)-(3), there exists v € (0,1] such that
lw(én) — Py, u(n)llv > vsup lw(€) — Py, _, u(®llv. ©)

i.e. the algorithm is a weak-greedy algorithm.

~V), 1is not optimal but the approximation error
on(M)y := sup |lu— Py, ulv
ueM

decays like dn(M)y for algebraic or exponential convergence.
(Binev-Cohen-Dahmen-DeVore-Petrova-Wojtaszczyk,2011), (Buffa-Maday-Patera-Prud’homme-Turinici,2012),
(DeVore-Petrova-Wojtaszczyk,2013) .

[1

2) Replacing = by = a (finite subset) e.g. e-net of = (Cohen-Dahmen-DeVore-Nichols,2020).
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2. Probabilistic greedy algorithm
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Probabilistic greedy algorithm

Given (Q,F,P) some probability space, we assume

Alun(€),€) = u(§) — un (&)}, = E(Zn(€)), &)

where Z,,(£) is some parameter-dependent real valued random variable.
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Probabilistic greedy algorithm

Given (Q,F,P) some probability space, we assume
A(un(£),€) = [[u(€) — un ()} = E(Zn(£)), (©))
where Z,,(£) is some parameter-dependent real valued random variable.

Algorithm 1: greedy algorithm
Start from Vp = {0} and proceed, for n > 1, as follows.

1) Select

én € argmaxE(Z,—1(£))
fe=

2) Compute u(&,) and update Vi, = span{u(&1),...,u(én)}-
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(5

Probabilistic greedy algorithm
Given (€, F,P) some probability space, we assume
Aun(£),€) = llu(€) — un (O} = E(Zn(€)),
where Z,,(£) is some parameter-dependent real valued random variable.

Algorithm 2: Probabilistic greedy algorithm
Start from Vo = {0} and proceed, for n > 1, as follows.
)

1) Select ~
En € S(Zn,fl(g): =2
2) Compute u(&,) and update Vi = span{u({1),...,u(&n)}
How to choose the "(random) set of candidate parameter values” S(Zn44(£),§)7
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Probabilistic greedy algorithm
(5)

Given (€, F,P) some probability space, we assume
v = E(Zn(6)),

Aun(§),€) = [[u(€) — un(E)]

where Z,,(£) is some parameter-dependent real valued random variable.

Algorithm 2: Probabilistic greedy algorithm
Start from Vo = {0} and proceed, for n > 1, as follows.

1) Select ~
£n € S(Zn,—1(£)7 E)
2) Compute u(&,) and update Vi = span{u({1),...,u(&n)}
How to choose the "(random) set of candidate parameter values” S(Z”44(£),§)7

high-dimensional

Probabilistic construction of reduced space.
® Greedy algorithm with random training sets for

parameter-dependent problems (cohen,2020), for EIM (cai,2022)
8/29

® MC-greedy algorithm for control variate method within RB paradigm
(Boyaval-Leliévre,2010) (Blel-Ehrlacher-Leliévre,2021)

Probabilistic greedy algorithm
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Possible approaches I

Crude Monte-Carlo estimate based approach.

Seek &, as the maximum of the empirical mean i.e.

S(anl(&) é) = argrfnagc Z'n,fl(f)K'
€=

%Zfil(Zn,l(f))i with K i.i.d. copies of Z,_1(£).

where Z,_1(&)k

9/29
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Possible approaches I

Crude Monte-Carlo estimate based approach.

Seek &, as the maximum of the empirical mean i.e.

S(anl (£)~ é) ‘= arg rfnea’;( Z'n,fl(f)[{

where Z,_1(€) Yk = KZ 1(Zn—1(£))s with K i.i.d. copies of Z, 1(§).

v/ Practically simple.
X Slow convergence of the estimate with respect to the number of samples.
X High computational costs especially if Z,_1(§) is expensive to evaluate.

X No guarantee that &, (random) is a (quasi-)optimum, almost surely or at least
with high probability.
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Possible approaches II

Bandit algorithms based approach. Bandit algorithms are good candidates.

S(Zn-1(€),Z) := PACy, (Zn—1,E)

[1]x

with threshold ¢ in (0,1) and probability of failure A, in (0,1).

(Lattimore-Szepesvari,2022)
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Possible approaches II

Bandit algorithms based approach. Bandit algorithms are good candidates.

)
with threshold ¢ in (0,1) and probability of failure A, in (0,1).

[1]x

S(anl (E)v é) = PAC)\,L,E(ZrLfl s

(Lattimore-Szepesvari,2022)

v/ Designed to return a probably approximately correct (PAC) maximum &, in
relative precision

P(E(anl(gyt)) - E<anl<fn)> < SH‘Z(anl(SZ))) >1—=An, (6)
for any prescribed threshold ¢ in (0,1), probability of failure A, in (0,1) and

& € argmax E[Z, 1 (€)]-
ges

(Billaud-Macherey-Nouy-Prieur,2022)
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Possible approaches II

Bandit algorithms based approach. Bandit algorithms are good candidates.

)

with threshold ¢ in (0,1) and probability of failure A, in (0,1).

[1]x

S(anl(g)v é) = PAC)\,L,E(Zrth

(Lattimore-Szepesvari,2022)

v/ Designed to return a probably approximately correct (PAC) maximum &, in
relative precision

P(E(anl(ér*z)) - E<anl<fn)> < SE<Z7771(£:.)>) >1- /\’Vlv (6

for any prescribed threshold ¢ in (0,1), probability of failure A, in (0,1) and

& € argmax E[Z, 1 (€)]-
ges

(Billaud-Macherey-Nouy-Prieur,2022)
v/ Adaptive number of samples.

X Requires strong assumptions on the distribution of Z,_i(£) leading to
practical limitations.

Appendix 1
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Analysis of an ideal algorithm

Theorem (Billaud-Macherey-Nouy-Prieur,2023)

Take (An)p>1 € (0,1) such that > < Ap =A< 1, €€ (0,1) and Z C E a discrete
training set. Moreover, suppose that for n > 1, the approximation u, of w in V,
is quasi-optimal

[

[u(§) = un(©llv < Cllu(§) — Py, u@llv, €€ )]

for some constant C' independent from V,, and &£. Then, Algorithm 2 with PAC based

approach is a weak-greedy algorithm of parameter Vlc_s, with probability at least
1—Xi.e.

P <||u(§n) — Py, u(&n)llv 2 ° max lu(§) = Py, u(§)llv,Vn > 1) 1= (&

M. Billaud-Friess - ECN, NU, LMJL - Séminaire IRMA Probabilistic greedy algorithm 11/29



Outline

3. Application 1
Parameter-dependent functions
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Parameter-dependent functions approximation

Let D C R? be an open bounded domain with boundary OD. We want to approximate
uwl):D—R
from its pointwise evaluations in D.

Offline stage. Use the probabilistic greedy algorithm to construct V,, with
Aun(€),€) = llun(€) — w7 2(py = E(Zn(€))
with Z, (&) = [D||u(Y, &) — un(Y,€)|? where Y ~U(D).
Online stage. The approximation u,(£) is an interpolant of w(§) in Vj,
un (i, &) = u(z;, §), x;, €T,

with I' = {x1,..., 2y} an unisolvant grid of interpolation points in D for V, (e.g.
the magic points).
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Confronted approaches

deterministic RBM with
én € argmgg [lu(€) — un(f)”%ﬂ(D)

oD -
3
The L2-norm is estimated by trapezium rule with grid D

probabilistic RBM with MC estimate
én € argmax Zn—1(§) k-
EEE
We set K € {1,50}

® MC

[1]x

® PAC : probabilistic RBM with PAC selection
&n € argmax PAC), . (Zn-1(§),
£eE
with asymptotic (TCL) or non asymptotic (Bounded) concentrations inequalities
The probability of failure is A = 0.1 and stopping criterion e
without replacement.

® R : RBM with &, chosen at random in

M. Billaud-Friess - ECN, NU, LMJL - Séminaire IRMA Application 1 :, Parameter-dependent functions
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Numerical results

Test case 1.
u(z, &) = 10z sin(27zf), (z,€) € [0,1] x [2,4]

Reduced space dimension n = 20. Training sets : #é = 300, #D = 10000.

4 —o— D-Greedy

100 100
. = —— PAC-Greedy (Bounded)
S = —— PAC-Greedy (CLT)
T 107! < 107 MC-Greedy (K = 50)
I: I —— MC-Greedy (K =1)
S 108 g: 10-8 —— Random

g =

S =
< E;
&y 10712 £10712

—16 —16 | | 1

1o 0 10 5 10 15 20
n n

Figure Evolution with n of the estimated maximum of approximation error for 100 instances of &, for one
realisation of the probabilistic greedy algorithms compared to the deterministic one.
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Numerical results

Test case 2.
u(®, &) = vV +0.11jg ¢ (z) + (2\/£+70 +VE+0. ) e,1(@), (2,6 €0, 1]2

Reduced space dimension n = 30. Training sets : #é = 300, #D = 1000.

10" 10" 5
E E 1 | == D-Greedy
- -~ 10° 4 |——PAC-Greedy (Bounded)
= ;: 10-1 8 1 |——PAC-Greedy (CLT)
= L 107F MC-Greedy (K = 50)
i 1102k 1 |— MC-Greedy (K = 1)
—~ < 4 r 1 | Random
@ < 10-3L ]
2 B
= T 10t E E
"
6l | | 1
10 0 10 20 30
n n

Figure Evolution with n of the estimated maximum of approximation error for 100 instances of &, for one
realisation of the probabilistic greedy algorithms compared to the deterministic one.

= Best trade-off between efficiency and accuracy : MC-Greedy (K =1).
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Iteration n =1

Iteration n =3

Iteration n = 10

10° TR T 101 F T T T m|
“
© g
< fo-10 | 1 10-8
3 E
a E
| I 310-20 I I I 107
25 3 35 4 2 25 3 35 4 2 4
13 ¢ 13
—— D-Greedy —— PAC-Greedy (Bounded) —— PAC-Greedy (CLT)
MC-Greedy (K = 1) —— MC-Greedy (K = 50)
g 10" 3 10%E
g [ ] £
F F 1 108 10° |
10 :
S w0 E
|®] 2
2 10
= 10
g p 10"
. 10 I I I 10! I I I I
£ 2 25 3 35 4 2 25 3 35 4 2 25 3 35 4
102 3 3 3
- T 2 [ T T
= F 10 10° ¢ E
S i B ]
5 b [ 1
= t [ ]
S | , L ,
=
2
. 10' | 1 10 E 94 10" F E
g | I I 1 L 1 I I B I I
2 25 3 35 4 2 25 3 35 4 2 25 3 35 4
3 ¢ 3

Figure

with required samples m, (§) for selecting &, € E.

(TC1) Evolution of the error during greedy procedures based

on PAC bandit algorithms

(top), together



Iteration n =1 Iteration n =3 Iteration n = 10
| B — 10°

<
3 .
T ‘ W 102
¢ AU
) M
<
L L L L 1074 1L L L L djp- 16 b1 L L L4
0 0204 06 08 1 0 020406 08 1 0 0204 06 08 1
13 ¢ 13
—— D-Greedy —— PAC-Greedy (Bounded) —— PAC-Greedy (CLT)
MC-Greedy (K = 1) —— MC-Greedy (K = 50)
E 10 7 10
El 3.2 i 5
H 10 1w h 10° ]
2 1 10 10°
& 10 10
& . 10
= 10%® LT R 10} ANy Ay I
£ 0 02040608 1 0 02040608 1 0 02040608 1
3 ¢ 3
= T — T
= 2|
S 102 12| | 0
Q I ]
E 1 [ i
~ 10t 1 10t i [ 1
<
10" | E
E; 1008 1 1 1 100-® PR 1L S AL A 1
0 02040608 1 0 02040608 1 0 02040608 1
13 ¢ 13

Figure (TC2) Evolution of the error during greedy procedures based on PAC bandit algorithms (top), together
with required samples m., (§) for selecting &, € E .
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Method | (1C1) for m =20 | (TC2) for n =30

D-Greedy 6 x 107 9 x 10°
MC-Greedy K =1 6 x 103 9 x 103
MC-Greedy K = 50 3 x10° 4.5 x 10°
PAC-Greedy (Bounded) 1.284326 x 107 5.764507 x 107
PAC-Greedy (CLT) 7.507800 x 104 2.333380 x 10°

Table Cumulative number of samples required by each algorithm, for (TC1) and (TC2), to construct reduced basis
of dimension n.



Outline

4. Application 2
Parameter-dependent PDEs with probabilistic interpretation
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Parameter-dependent PDEs

Let D C R? be an open bounded domain with boundary &D. We seek, for all Eex,
u(§) : D — R solution of

_-A<£)“(§) = g(g)u in D7 (9)
u(§) f(&), on 8D,

with given functions g: DX Z —= R and f:0D x 2 — R.
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Parameter-dependent PDEs

Let D C R? be an open bounded domain with boundary &D. We seek, for all EeE,
u(§) : D — R solution of

—A(E)U(f) = 9(5), in D7 (9)
u(§) f(&), on 8D,

with given functions g: DX Z —= R and f:0D x 2 — R.

The parameter-dependent elliptic partial differential operator A(§) is defined as

d d
A©) = 5 3 @O0 )02 0, + D b:(Ou,
ij=1 i=1

with parameter-dependent drift b:R% x 2 — R? and diffusion o : R — RIXd,
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RBM for parameter dependent PDEs (I)

The exact solution u(§) of (9) is not available.
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RBM for parameter dependent PDEs (I)

The exact solution u(§) of (9) is not available.

A classical framework.
It is usually considered :
® an approximated problem (9) for a given mesh of D (e.g. finite element...),

® un (&) obtained through suitable projection (e.g. galerkin, least-square...)
using the equation residual,

® A(un(€),€) related to some norm of the equation residual.
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RBM for parameter dependent PDEs (II)

What if we can access to pointwise values (noisy) of wu(z,§) for any (z,£) € D X 2?
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RBM for parameter dependent PDEs (II)

What if we can access to pointwise values (noisy) of wu(z,§) for any (z,£) € D X 2?

Probabilistic and sample based framework.

We could consider :

® global approximation over D of the solution of (9) obtained from pointwise
values (noisy) (e.g. interpolation, least-square...)

~ snapshots, approximation uy(§) avoiding the use of equation residual,

® use a probabilistic greedy algorithm with A(un(£),€) related to some norm of
the current error.
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Probabilistic interpretation of the solution of PDEs

The operator A(&) is the infinitesimal generator related to the diffusion process

X©8 = (Xf‘g),,z(] satisfying the following SDE

AXTE = b(XTE, ) dt + o(XP,€) dWe, Xt =z €D, (10)

W = (Wt)y>0 is a d-dimensional brownian motion on (€2, F,P) endowed with its
natural filtration (Fi)¢>o-
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Probabilistic interpretation of the solution of PDEs

The operator A(&) is the infinitesimal generator related to the diffusion process
X©8 = (Xf‘g),,z(] satisfying the following SDE

AXTE = b(XTE, ) dt + o(XP,€) dWe, Xt =z €D, 10)
W = (Wt)y>0 is a d-dimensional brownian motion on (€2, F,P) endowed with its
natural filtration (Fi)¢>o-
Feynman-Kac (FK) formula (Friedman (§6,Theorem 2.4),2010)

Under suitable assumptions on f(£),g(§) and b(§), o (&) there exists a
unique solution wu(&) of (9) in C (D) NC2 (D), which satisfies for all z € D

lL(.Ef) = E(F(-E XTE,&)) =E (f Xm;gsﬂ + / XI’E 5)dt>, an

where X ¢ is diffusion process solution of (10) stopped at ¢t = 7%:§.
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Probabilistic interpretation of the solution of PDEs

The operator A(&) is the infinitesimal generator related to the diffusion process
X©8 = (Xf‘g),,z(] satisfying the following SDE

AXTE = b(XTE, ) dt + o(XP,€) dWe, Xt =z €D, (10)

W = (Wt)y>0 is a d-dimensional brownian motion on (€2, F,P) endowed with its
natural filtration (Fi)¢>o-

Feynman-Kac (FK) formula (Friedman (§6,Theorem 2.4),2010)

Under suitable assumptions on f(£),g(§) and b(§), o (&) there exists a
unique solution wu(&) of (9) in C (D) NC2 (D), which satisfies for all z € D

lL(.Ef) = E(F(-E XTE,&)) =E (f Xm;gsﬂ + / XI’E 5)dt>, an

where X ¢ is diffusion process solution of (10) stopped at ¢t = 7%:§.

In practice.

Monte-Carlo estimates of u(z,&) can be computed from i.i.d. realizations of an
approximation of X%¥§ (e.g. computed with Euler-Maruyama scheme).
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Probabilistic error estimate

We consider

Aun(§),8) = [lu(§) — “'n(g)”iz(D)-

Since (9) is linear

—A&)(u(€) —un()) = gn(§) on D,
u(§) —un(§) = fu(§) on 0D,

where fn(€) := f(&) —un (&) and gn (&) = g(&) + A(&)un(€). For all z € D, by FK
theorem,

12

P

97L(X7,£7 f)df) .
13)

u(z,§) —un(z,§) =E (Fn(l’sXI’gaf)) =E <f'n(XZ:f,£7£) +A
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Probabilistic error estimate

We consider

Aun(§),8) = [lu(§) — “'n(g)Hiz(D)-

Since (9) is linear

—A&)(u(€) —un()) = gn(§) on D,
u(§) —un(§) = fu(§) on 0D,

where fn(§) := f(&) — un(§) and gn(§) = g(&) + A()un(§). For all z € D, by FK

theorem,

12

Foi

g,L(X7’§7 f)df) .
13)

u(z, &) —un(z,§) =E (Fn(msXI’gsf)) =K <f'n(X:f,£7£) +A

Theorem (Billaud-Macherey-Nouy-Prieur, 2023)

Taking Y ~ U(D), we have for all £ in E

(&) = un(©)l72(py = IDIE(Zn(€)), with Zn(€) := Fa(Y, XV, 6)Fa (Y, X¥4,9),
(14)

with XY:¢, XY:€ two diffusion processes solutions of (10) starting from Y.
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Numerical results

Problem. We seek u({) solution on D =]0,1[ of the following one dimensional PDE

—A(&) = —€u”(§) +10u/(§) = g(§) in D,  u(§) = f(§) at ©=0,1, (15)
The functions g(£) and f(&£) are set such that the exact solution is known

exp(z/§) — 1
exp(1/¢) — 1

Snapshots are computed using the exact solution.

u(z,€) = , £€[0.005,1].
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Numerical results

Problem. We seek u({) solution on D =]0,1[ of the following one dimensional PDE
—A(§) = —€u”(§) +10u'(§) = g(§) in D, w(§) = f(§) at =01, (15)
The functions g(£) and f(&£) are set such that the exact solution is known

exp(z/§) — 1
exp(1/¢) — 1

Snapshots are computed using the exact solution.

u(z,€) = , £€[0.005,1].

Approximation setting.

Interpolation v.s. Least-Square (LS) v.s. Minimal Residual (MinRes)
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Numerical results

Problem. We seek u({) solution on D =]0,1[ of the following one dimensional PDE

—A(&) = —€u”(§) +10u/(§) = g(§) in D,  u(§) = f(§) at ©=0,1,
The functions g(£) and f(&£) are set such that the exact solution is known

exp(z/§) — 1
exp(1/¢) — 1

Snapshots are computed using the exact solution.

u(z,€) = , £€[0.005,1].

Approximation setting.
Interpolation v.s. Least-Square (LS) v.s. Minimal Residual (MinRes)

Confronted greedy approaches.
® Residual : deterministic alg. based on the L2?-norm of the eq. residual

I4(&) + 9(O)ll L2y

(15)

® FK-MC : probabilistic alg. with MC estimate based on FK error interpretation

u(€) = un(E)ll72(py = IDIE (Zn(£))

with Z”(ﬁ) = Fn(Y7 XY,E,g)Fn(Y’XY,€7£)

® Random : snapshots chosen at random in = without replacement
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Numerical results

Ee([lun(€) — u(€)z2)

10-13

s (un (€) = w(©)]12)
g

10-13

—16
10 0

—16
10 0

Residual (MinRes)

— Residual (Interp)

- - = Residual (LS)

—— Random (Interp)

--- Random (LS)

— FK-MC K =1 (Interp)
--- FK-MC K =1 (LS)
— FK-MC K = 10 (Interp)
--- FK-MC K =10 (LS)

Figure Evolution with respect to n, of the estimated maximum of the approximation error in 1;2—norm, computed
for 100 instances of &, for one realisation of the probabilistic greedy algorithms compared to the

deterministic one.
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Outline

5. Conclusion
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Conclusion & perspectives

Probabilistic RBM in sample setting.

® Greedy algorithm with probabilistic error (even with coarse MC estimate)
demonstrates to provide good reduced spaces.

® Sample based projections improves the global approximation quality by avoiding
the use of residual.
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® Greedy algorithm with probabilistic error (even with coarse MC estimate)
demonstrates to provide good reduced spaces.

® Sample based projections improves the global approximation quality by avoiding
the use of residual.

Perspectives.

v Interpolation with FK pointwise evaluation (Billaud-Friess, Macherey, Nouy, Prieur,2020),
(Gobel, Maire,2006) to avoid limitations of residual based projections CALEEIESE

X ... but how to provide a a projection with controlled error and at low cost?

X Extension to more complex and higher dimension problems.
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Conclusion & perspectives

Probabilistic RBM in sample setting.

® Greedy algorithm with probabilistic error (even with coarse MC estimate)
demonstrates to provide good reduced spaces.

® Sample based projections improves the global approximation quality by avoiding
the use of residual.

Perspectives.

v Interpolation with FK pointwise evaluation (Billaud-Friess, Macherey, Nouy, Prieur,2020),
(Gobel, Maire,2006) to avoid limitations of residual based projections CALEEIESE

X ... but how to provide a a projection with controlled error and at low cost?

X Extension to more complex and higher dimension problems.

Thanks for attention !

M. Billaud-Friess, A. Macherey, A. Nouy, C. Prieur, A probabilistic reduced basis method for
parameter-dependent problems, ArXiv :2304.08784 (to appear in ACOM).
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Appendix 1 : Adaptive PAC algorithm

Here {Z(£):& € B} is a finite collection of random variables with E[Z(£)] # 0.
We denote

%g Ji and V() %2::( ©c-70@,) . 0o

where Z(&)1,...,Z(&)m are m independent copies of Z(&).

The random variable Z(§) is assumed to satisfy the following (possibly asymptotic)
concentration inequality

P (1Z(&),, — EZ(©)]] < c(m,2,€)) 2 1 - a, an

for each €€ 2, 0<z<1and m>1.

If for any £ € 2, there exists a(€),b(£) € R such that almost surely we have
a(§) < Z(€) <b(§), then (17) holds with

) — 1 2 O 108(3/2) | 3(b(E) — a(€) log(3/x)

m m
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Appendix 1 : Adaptive PAC algorithm

Now, let us define a sequence (dm)m>1 C (0,1)N, independent from &, and such that
Zmzl dm < 0.
Then we introduce c¢ ., = c(m,dm,§), and Bgm(g) = Z(f)m(@ * cem(e) -

c¢,m(&) if T 0
Letting (&) := sign(Z(€),n(¢) and ¢, m(e) = { f(om(g)\ H 2Ome) # 01
o

otherwise.
define the following estimate for E[Z(£)] given by

; _ ] Z©me) —eeme) 5E)ceme)  if eme) <1,
Em(e)[2(6)] —{ 76 e otherwise. (e
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Appendix 1 : Adaptive PAC algorithm

Adaptive bandit algorithm (Billaud-Macherey-Nouy-Prieur,2022)

[1]:

1: Let e,A € (0,1) and K € N. Set £=0, Eg =

, m(§) = K and e¢ p, ¢y = +oo for
all £ e =E.

2: while #=y > 1 and gnax E¢,m(€) > 2+6 do
3:  for all £ € 5, do
4: Sample Z(§), increment m(§) and update ¢ p(e)-
5: Compute the estimate Iﬁlm(g) [Z(&)] using (18).
6: end for _
7:  Increment £ and put in Z; every & € E such that
BE m(E) > max B;m(u). (19)

8: end while
9: Select & such that ) R
§ € argmax E,,¢) [Z(9)].
£€Ey

At each step £, the number of samples m(§) of the random variables Z(§) is
increased in the subset =y C =, obtained using confidence intervals

[ ;(5)(5) 5m<£)(§)} of E(Z(&)) according to (19). The idea is to find regions of =
where one has a high chance to find a maximum.
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Appendix 2 : Assumption for Feynman-Kac formula

Dependence to £ is omitted to alleviate notations.
® There exists a constant 0 < M < +oco such that for all x,y € D we have

ll6(z) = bW + llo(z) — oY)l < Mz —yl], (20)
® Denoting a = oo, there exists ¢ > 0 such that
yTa(x)y > clyll?, yeR? zeD.

® As problem (9) is defined on a bounded domain, we define the first exit time of
D for the process X% as

™ =inf{s>0 : X7 ¢ D}. @n

® The domain D is an open connected bounded domain of R, regular in the sense
that it satisfies the following conditions
i)
P(r* =0)=1, =z €D,
ii) each point of 9D satisfies the exterior cone condition which means that, for all
x € 0D, there exists a finite right circular cone K, with vertex x, such that
KnNnD={z}.

® We assume that f is continuous on OD, g is Holder-continuous on D.



Appendix 3 : Pointwise estimate uay ar(z,&)

We consider the time mesh 0 =tp < - - < tp < ..., with ¢, =nAt, n € N.



Appendix 3 : Pointwise estimate uay ar(z,&)

We consider the time mesh 0 =tp < - - < tp < ..., with ¢, =nAt, n € N.
Maruyama scheme for computing X * 4%,

The diffusion process X® is approximated by a piecewise constant process X4t
where XAt = XA for ¢ € [tn, tny1] and

A
X2OT = X284+ At b(XEPAY) + o(XEAY) AW, o2
Xg’At =z,

where AW, = Wy41 — W, is an increment of the standard Brownian motion.

Approximated stopping time 7% 27,

We consider
75AY — in {tn >0 XA D}. (23)

Monte Carlo estimate uay as(z) of u(x).

For z € D and {X®®*(wm)}M_, independent samples of X®4%, we consider

M

m=1

oy L % { (K72 () + / ;r,At(wM))dt} D)



Appendix 4 : Global approximation from samples

We seek a global approximation of u from the pointwise estimates wuag, s (z), z € D.
Linear approximation. Consider the approximation space V,, C CZ(E) of dim. m and
Lm :C*(D) = Vin
the approximation operator associated with a grid I' = {xi}le C D with p>m.

Exemples : Interpolation (p =m), least-square approximation
Naive approach. Choose an approximation for u as
U= L (uat,M)-

~» It may suffer from the slow convergence of MC estimates w.r.t. M.



Appendix 4 : Sequential control variate procedure

(Gobet, Maire,2006)

Construct a sequence of approximations {ﬂ"”}kzl of u in V,, as
b =gkt ek, E>1,

where é* ~ ek =u — aF—1, solution of

—Aek(z) = g(x) + Ak~ (z), =€ D,
ek (x) = f(z) —uP(x), x € 0D.

Since e¥ admits the Feyman-Kac representation

*(z) =E <(f — (X)) + / 9+ Aa’“)(Xf)dt> ,
0

we can compute

~k k
€" = Lm(eAy,nr)-
Remarks.

v/ For interpolation, the u — @ converges geometrically to zero up to a

threshold term depending on At and interpolation error (Gobet, Maire,2006)

v/ For high-dimensional problems with sparse interpolation (B.-F., Macherey, Nouy,
Prieur,2020)



Simple illustration

Appendix 4 :
We seek u(€) solution on D =]0,1[ of the following one dimensional PDE
(25)

—Au = —3mu"" —bu' =g in D, u=fat x=0,1,
The functions g(§) and f(§) are set s.t. u(z) = 10zsin(3wz). The associated SDE is

dX¥ = bdt + V6rdWs,

X§ ==

Iteration k = 10
‘ — Exact
=== Interpolant

Iteration k =1
10

’

ot

i

Interpolation of using B-Splines (P4), dimV,, = 13 for a grid I' of Magic Points.
Sequential control variate algorithm with M = 100, kmae = 10 and At = 102,
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